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Chemical Nonequilibrium Boundary Layer

F G BrorrNer*
General Electric Company, King of Prussia, Pa

The nonequilibrium boundary layer is considered as a binary mixture of atoms and mole-
cules with finite dates of dissociation and recombination To obtain accurate solutions to
the partial differential equations for this type of flow without any necessary simplifying as-
sumptions, an implicit finite-difference scheme is developed for solving these equations with a
digital computer Accurate solutions to the nonequilibrium boundary-layer equations have
been obtained in a reasonable amount of computer time and are presented for a flat plate, cone,
and hemisphere cylinder The results show that the nonequilibrium boundary-layer tem-
perature and composition can be considerably different from local equilibrium and frozen re-
sults For a cone at 21,000 fps and 100,000 ft alt, the computations show that, at 60 ft fiom the

tip, the flow has not reached equilibrium

Nomenclature

An,By,Cn Dy = coefficient matrices in the difference equation
(A4)

¢ = mass fraction of species 7, p;/p

¢y = local skin friction coefficient, 275 /( pru,2)

Cp; = gpecific heat at constant pressure of species 1,
ft2/sec? °R

Cp = specific heat at constant pressure of the mixture
D iCiCps, 112 /e °R

Dy = binary diffusion coefficients, ft2/sec

DT = thermal diffusion coefficient, 1b sec/ft

bl = velocity ratio, u/u.

h = enthalpy, T icih;, ft2/sec?

hs = enthalpy of species 7, ft2/sec?

k = thermal conductivity of mixture, Ib/sec °R

l = density-viscosity product, pu/( pu)r

Le = Lewis-Semenov number, ¢pp®:;/k

LeT = thermal Lewis-Semenov number, ¢,D;%/k

M = molecular weight of the mixture, 1/(Zi/Ms),
b /ib-mole

M; = molecular weight of species 7, Ib/1b mole

Nu = Nusselt number

Pr = Prandtl number, ¢,u/k

P = pressure, psf

R = universal gas constant, 1b {t2/(Ib-mole sec? °R)

Rey = Reynolds number based on distance along body
and reference conditions, p;u z/ux

r = distance from axis in axisymmetric problems, ft

T = temperature, °R

U, ¥ = velocity components tangential and normal to
body surface, fps

14 = transformed normal velocity

w; = mass rate of formation of species 1, 1b sec?/ft* sec

Wy = vector for dependent variables

x = distance along surface from leading edge or stag
nation point, ft

Y = distance along normal from surface, ft

8 = pressure gradient parameter

&* = displacement thickness, ft

7 = transformed y coordinate _

£ = transformed z coordinate, 1b? sec?/ft2(2~9
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An,Af = step sizes in transformed coordinates

6 = temperature ratio, 7'/7T,

u = viscosity, b sec/ft?

p = density, Ib sec?/ft*

0i = density of species 1, lb sec?/ft*

T = ghear stress psf

Subscripts

A = atom

b = conditions at body surface

e = conditions at outer edge of boundary layer

m = designation of mesh point in £ direction, £ =(m — 1)Ag

n = designation of mesh point in » direction, n =
(n — 1)Aq

M = molecule

r = quantities evaluated at some reference condition

s = conditions at stagnation point or leading edge

© = freestream conditions

I Introduction

OR a complete investigation of the boundary layer on
bodies at hypersonic velocities, it is necessary to consider
chemical reactions in the flow With finite chemical reaction
rates that allow nonequilibrium flow, the boundary-layer
equations can only be reduced to ordinary differential equa-
tions at the stagnation point of a blunt body The stagnation
problem with a binary mixture has been considered by Fay
and Riddell,* whereas air with several species has been investi
gated by Moore and Pallone 2 The flow away from the stag-
nation point and along bodies has been considered only with
approximate procedures Chung and Anderson? 4 have used
an integral method to obtain the boundary-layer flow on an
adiabatic and noncatalytic flat plate and around a non-
catalytic sphere-cone with specified wall temperature In
the first example, the fluid was taken as oxygen atoms and
molecules whereas for the latter case, oxygen atoms and
nitrogen atoms and molecules are employed for the gas
model Raes has obtained the nonequilibrium boundary
layer of a diatomic gas near the leading edge of a flat plate by
employing a double expansion in terms of the distance along
the surface and the atom mass fraction Additional assump
tions have been used, such as Prandtl and Lewis number equal
to one, in the foregoing papers
The ideal of local similarity has been employed by Levinsky
and Brainerd® to obtain the nonequilibrium boundary layer
for a five species air model along a nozzle This procedure
can give reasonable results for equilibrium and frozen bound-
ary layers, as shown by Lees,” Kemp, Rose, and Detra,8 and
Moore * No complete investigation of the validity of local
similarity for nonequilibrium boundary layers has been per-
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formed; however, reasonable results are obtained for a flat-
plate flow as shown by Blottner 1 Even if similar solutions
are sufficiently precise, they are difficult to obtain, since accu-~
rate initial estimates are required for the boundary conditions
that are being iterated Hence, a large amount of time and
effort is required to acquire the solution with this procedure

For the present analysis, the gas in the nonequilibrium
boundary layer is taken as a binary mixture of atoms and
molecules with finite rates of dissociation and recombination
To obtain accurate solutions of these partial differential equa-
tions without any necessary simplifying assumptions, an
implicit finite-difference scheme is developed for solving these
equations This method is similar to the procedure investi-
gated by Fligge-Lotz and Blottner '* The important dif-
ference between the present approach and that of Ref 11 is
the manner in which the boundary-layer equations are trans
formed before the finite difference approximation is made
The coordinate normal to the wall is stretched in such a way
that the boundary layer is of nearly uniform thickness in the
transformed plane This procedure allows solution of the
boundary-layer equations from the stagnation point or from
a leading edge with similar solutions as initial profiles Also,
this method permits larger steps to be taken along the body,
since the profiles do not change rapidly in the transformed
coordinates

The boundary conditions at the outer edge of the boundary
layer are obtained from the inviscid flow along the body
With the pressure distribution assumed known along the
body, a set of ordinary differential equations which govern
this flow, are solved to obtain the velocity, temperature, and
atom mass fraction at the edge of the boundary layer The
following boundary conditions at the wall are considered:
zero normal and tangential velocities, specified wall tempera
ture or zero heat transfer, and catalytic or noncatalytic wall

The boundary-layer flow on an insulated and noncatalytic
flat plate has been obtained and is compared with the results of
Chung and Anderson® and Rae 3 The boundary layer on a
flat plate with specified wall temperature and catalytic wall
has also been considered Calculations for a hemisphere-
cylinder and a cone at various altitudes are presented

II Method of Analysis

A System of Equations

The boundary-layer equations for a chemically reacting
binary mixture of atoms and molecules are as follows:
Continuity

(PWb) + (P”Tb’) =0 (1a)
Momentum
WP ot By 2L
Energy

9<k ﬂ) Sabhi + 3 [cm (psz, 2“ +

oy\ Oy
D;T T oT
T 5;)] 2 19

Conservation of Species

bci_{_v%_g oc;
pub:c pby—byp

DT dT ,
iy TT SJ) + o (1d)

For two-dimensional flow, j =

0, and for axisymmetric flow,
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Jj =1 To complete the foregoing relations, the equation of
state

p = (R/M)pT (2)
where

ﬂ'—f = 1/(2,C¢/Mv.)

is required This equation assumes that the gas consists of a
mixture of chemically reacting perfect gases  Since the pres
sure change across the boundary layer is negligibly small, the
equation of state becomes

p/p = MT /(M T) (3)

To obtain smoother profiles across the boundary layer which
are more readily approximated numerically, and to have the
equations in a form compatible with similar solutions, the
boundary-layer equations are transformed with the Mangler
and Howarth-Dorodnitsyn transformation:

E(x) = fox (pw) umds  q(zy) = (25)”2-[ pdy  (4a)
Then
o L )
Y = (pp) ums a£+ o on

o] purs’ Q (4b)

oy~ (29" oy
Also, since we are considering a binary mixture of atoms and
molecules the following relations exist:

Siei=c¢ytoey=1 (5a)

Bt = by 4 iy = 0 (5b)

Le = Leyy = Leyy (5¢)

LeT = Le,T = —Ley,” (5d)

6 = Diciey = ales, — e) F ey (50)

When the foregoing relations (4) and (5) are used with Eqs
(1), the boundary-layer equations become

of
o¢

al al /3
et o[- ] 208 w

. o _wel o\ L,
2£f'¢, ag"””v = T[Z<bn> 8 i fﬂ:l—l—

28 —7 +—+f’—0 (6a)

(e )Rl = 0 4 (o, — ) e
(5 + 55 —w T G
ST G
olr 5 )] O
where
= ol o ) (7a)
8= 275 ‘Z“ (7b)

For the boundary conditions, it is assumed that no slip occurs
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at the wall, temperature or heat transfer at the body is given,
and the wall is catalytic or noncatalytic The boundary
conditions for the foregoing boundary-layer equations are as
follows:

At the body

f(50) =0 (8a)
V(£0) = (25)'*(ov)s/ [(pu) u 7] (8b)
with gpecified temperature
0(£,0) = 6,(8)
or specified heat transfer
o] _
Ol
[[9(25)1’2/ puds’] — (hae — hA)(u/PT)Le(bcA/an):l (8¢)
— kT + (har — ha){(u/Pr)(LeT/6)

and with catalytic wall

CA(E;O) = C4 q(gbyp) (Sd)
or with noncatalytic wall
DCA
—-— =0 8e
o s (8e)
At the outer edge
f'&n) =1 6(&ms) = 1 ca(n) = call) (9)

When there is no injection of fluid at the wall, V(£0) = 0
The velocity, temperature, and mass fraction of atoms at the
outer edge of the boundary layer are determined from the
inviscid flow problem

To obtain the solution of the foregoing boundary-layer
equations (6) with boundary conditions (8) an implicit finite~
difference scheme is employed as described in the Appendix

B Initial Profiles

As indicated previously, initial profiles are required for the
finite-difference solution At the stagnation point or leading
edge of a sharp body, as £ — 0 the continuity equation (6a)
becomes

@V/om) +f =0 (10)

The mathematical difficulties of the singular point at £ = 0
for a flat plate can be circumvented by having £ a very small
number slightly greater than zero

If we define

7= f,ran an

then V = —ffrom Eq (10) With this relation and £ — 0,
the boundary-layer equations (6b—6d) become ordinary dif-
ferential equations with two-point boundary conditions
These equations are solved using the usual iteration tech-
niques employed for similar solutions of the boundary-layer
equations

C  Exterior Flow

The exterior flow at the edge of the boundary layer is ob-
tained from the inviscid nonequilibrium flow at the surface of
the body As the pressure on a body is not affected sig-
nificantly by the flow being in nonequilibrium and is usually
easy to estimate, the pressure distribution is assumed known
The ordinary differential equations that govern the flow at the
body in terms of the pressure distribution are

s (12a)

= gy ———— (12b)
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dCAe _ Wy
" ou (12¢)

Once the pressure distribution on the body is known, which
is preferably obtained from the nonequilibrium flow field
solutions, the remaining quantities at the edge of the boundary
layer can then be obtained from Eqs (12) Even if the non-
equilibrium inviscid flow is known, this procedure is preferred
to inputting all the necessary quantities The boundary
conditions for Eqs (12), for example, at the stagnation point,
are

w(©) =0 (13a)
T.0) =T (13b)

c4,(0) = ca (equilibrium concentration of atoms at

temperature T ) (13¢)

For other types of bodies these three quantities with the ap-
propriate values are required Since the quantities at the edge
of the boundary layer are required as a function of £, the dif-
ferential equation

d&/dx = (pp) wr?i (14

is solved along with the exterior flow equations (12) to give
the desired relation between £ and x As the exterior flow
quantities v , T', and c4 are required at (m -+ §) in the trans-
formed plane, and the step-size can change, the following re-
lation for the step size is employed to obtain the results at the
desired location:

AL r1ye = %(Axm—uz + Azpmiys9) (15)

For the first step, Az -2 18 zero, and Az, 4y is the desired
step size If the step size is changed, the new step size is
Az, 1ys Therelation

Abmrrs = 2(Enwys — En—ye — $AE_y2)  (16)

is employed to obtain the step size in the transformed plane

To start the solution of Eq (12) at the stagnation point,
certain quantities on the right side of these equations are of
an indeterminate form numerically However, it can be
shown that, atz = 0,

Ldpy_ 1 _ 12 ;
(u T )s = Tk 2(p Deo)P ] (Newtonian flow)
(17a)
(ba/u), =0 (17b)
For other types of bodies this type of problem does not occur

D Boundary-Layer Characteristics

In addition to the profiles of the various quantities across
the boundary layer, parameters that characterize the skin
friction, heat transfer, and thickness of the boundary layer
are desirable The local skin friction is defined as

172 — (pw)s { 2ucrrs* (pu) )112<3ﬁ>
¢s(Be. )Mt (o) ( £ o)y I8

The derivative in the foregoing expression is approximated as

<5f’> _ {fz' + (An?*/20)3(M./M)0
on /s Anfl + (An/2D(V — 1)1,
where no slip at the wall has been assumed Atz = 0, the

following term is of indeterminate form but has the values
indicated:

(19)

[uan2(pu) /E1M? = (25 + 2)U2 (stagnation point) (20a)
[u zrs?(pp) /E1M% = (2§ + 1)1/ (sharp body) (20b)
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The heat-transfer parameter is defined in terms of the Nus-
selt number and Reynolds number as follows:

Nu__ Pr (pws 1 (uexrb2"(pu)r>”2 ETe
(h

(Re.)™® ~ Pry (o) 21 £ s — M)

o0 (ha — ha) % Eef ﬁ
{5_17 T (Le on T8 0n>} @D

where
Nu = —gtpz/lk (b, — )]
h = c¢a (ha — hy)e + hMas + Fue?
he = caplha ~ hads + Ty

The derivatives in the expression are approximated as

%’;_ . @1&77 (110, 1 = 1862 + 90ms — 28,4]  (220)

b

%%4 = - é-&;] [1lcam1 — 18came + 9eams — 2cam4] (22b)
b

The thickness of the boundary layer is depicted by the dis-
placement thickness and in terms of the transformed quanti-

ties is
(21 fn l: 1+ ca
® — XT3/ —_ ft
8 our Jo T+ e, 6 —f 1dn (238)
At the stagnation point, the following term is indeterminate
numerically but has the value shown:

(28)12 — l:_ (ou) e ]1'2
P Uy’ G+ Dep’

The evaluation of the displacement thickness is obtained with
Simpson’s method

(24)

IIT Numerical Calculations

A  Gas Model

The transport and thermodynamic properties and rate equa-
tion are taken to be the same as those employed by Chung
and Anderson in order to make a comparison with their re-
sults in the first example The binary mixture consists of
oxygen atoms and molecules with the following thermody-
namic properties:

&y = Cpy = Cpy = 7010 (ft2/sec? °R)
ha = ¢,T 4 1666 X 108 (ft*/sec?)
hM = cpMT

The transport properties are such that the following non-
dimensional parameters are

=1 Pr=1o0r07 Le=1orl4 Le? =0

The rate equation for oxygen,

Wa _
p
1+ cA)2(2Kr)p2|: 4’ K, ]
— — 5 mint A0 T
M4 T+ ou 529 054 » ¢! ca) (25)
where

2K, = 170 X 10%%/T?

= (1581
K, = (158108 000/7)

was employed in the present examples The foregoing proper-
ties are used in the following examples, except the second,
where more accurate thermodynamic properties and rate
equations are considered One would expect that more
accurate transport properties would have a large effect on the
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05— M iS5
ALTITUDE 100 QOO FT

Ca © PRESENT SOLUTION
CHUNG AND ANDERSON

~-- RAE

0 ! ! I | 1

X (FT)
Fig 1 Atom mass fraction at wall for an insulated and
noncatalytic flat plate

boundary-layer characteristics, but this has not been in
vestigated

B  Specific Examples

1 Insulated and noncatalytic flat plate

The boundary-layer flow on an insulated and noncatalytic
flat plate is investigated and compared to result of Chung and
Anderson,® and Rae® For this comparison, the freestream
conditions correspond to a Mach number of 15 and an altitude
of 100,000 ft (T = 3924°R and p = 234265 psf) The
Prandtl and Lewis-Semenov numbers are taken as one in
order to have all of the assumptions identical with the other
two papers At the outer edge of the boundary layer the
oxygen is undissociated and the pressure is taken as a constant
throughout the boundary layer

The variation of the atom mass fraction at the wall is given
in Fig 1  Also shown in this figure are the results for the
same problem as obtained by Chung and Anderson, and Rae
Since approximations are required in these two methods,
the agreement with the present more exact solution is good

2 Specified wall temperature and catalytic flat plate

The flow along a wall with zero pressure gradient T,/T, =
3, and zero atom mass fraction at the wall has been investi-
gated In this example, Pr = 07 and Le = 14 With a
freestream velocity of 15734 fps (Mach number = 15) the
boundary layer is essentially “frozen,” since the temperature is
not high enough for appreciable dissociation to occur The
skin friction and heat-transfer parameters are practically
constant for the distance considered and are ¢;[Re, ]'/? =
0 6645(0 6641) and Nu/[Re, ['/2 = 0242 (0 248) The values
in parentheses are obtained from similar solutions for a perfect
gas The displacement thickness of the boundary layer is
given in Fig 2 and is approximately the same result as ob
tained from similar solution of a perfect gas If the bound-
ary-layer flow is assumed in local equilibrium, the displace
ment thickness is slightly less as shown When the free-
stream velocity is increased to 25,000 fps, there is significant
dissociation of oxygen downstream from the leading edge
Several temperature and atom mass fraction profiles are pre
sented in Figs 3 and 4 In addition to the nonsimilar non-
equilibrium profiles (finite-difference solutions), similar pro
files for the nonequilibrium flow are presented These solu
tions predict a slightly lower temperature while the atom
mass fraction is higher The similar solutions are obtained by
solving ordinary differential equations with two-point bound-
ary conditions These solutions become exceedingly difficult
to obtain downstream from the leading edge as accurate initial
guesses of the unknown boundary conditions at the wall are
required for the usual integration procedures The local
equilibrium profiles, which are the same at all distances along
the wall, are significantly different from the nonequilibrium
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Fig 3 Temperature profiles for a catalytic wall with
Ty/T, = 3 and dp./dx = 0
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LOCAL EQUILIBRIUM FLOW

NONSIMILAR| NONEQUILIBRIUM
SIMILAR FLOW

Fig 4 Atom mass fraction profiles for a catalytic wall with
Tw/Te = 3 and dpe/dx = 0

profiles, as shown in Figs 3 and 4 The velocity profiles for
this example are the Blasius type and remain the same along
the wall

The effect on the boundary-layer properties of the rate
constants and thermodynamic properties of the gas has been
investigated The production of atoms for a binary mixture is
written as

wA = 04 _ 1 — Ca _
o p MA{(I ¢a) [<—2CA > kn + kfz:l

26c4? (1 — ca
MA [( 2CA ) kbl + kbz]}

Fig 6 Effect of thermodynamic pioperties on the com-
position of the boundary layer on a catalytic wall with
Tw/T. = 3 and dp,/dx = 0

where
k, = TKC exp(C0 + C1/TK)
k= TKD? exp(D0 + D1 /TK)
TK = T/18(°K) 7 = 051536p(g/cm?)

The constants used in the foregoing equation and the reference
from which they were taken are given in Table 1 The
last case gives the same equation as presented previously in
(25) The result of using this set of constants is illustrated
in Fig 5 where the maximum atom mass fraction in the
boundary layer is presented There is g large influence on the
composition of the boundary layer by the rate constants
employed

The specific heat and enthalpy has been determined from
the following expressions which include translational, rota-
tional, and vibrational energies:

_3 R
v = 5 M,
RT7 A
] I /T (,8/T __ —2
Coyy AMM[Q_F(T) T (e 1) i]
5 R
hA—éMAT—f—1666><108

T My
where § = 4014°R

b = 2 T[g—l— O it — 1)—1]
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Table 1 Constants for k; and k;

Ref Reaction Co, C1, 2, DO, D1, D2,
13 r = 1(0s + 02 220 4 Oy) 40 84869 — 59,900 -0 5 37 62982 0 —05
r = 2(0; + 0 220 + 0) 42 05085 — 59,900 -0 5 38 81544 0 —-05
12 r = 1(0Oy + 02 =220 + Os) 49 63522 — 59,380 —-15 42 54523 0 —10
r =20 +0 =204+ 0) 42 18847 — 59,380 —-05 35 09847 0 0
3 r = 1(0:2 4 02 =220 + Oy) 62 03969 — 60,000 -3 0 50 64682 0 20
1 =20: +0220 + 0O 62 03969 — 60,000 -3 0 50 64682 0 —-20
Table 2 Outer edge conditions for 10 cone body is considered at an altitude of 225,000 ft with a free-
= stream velocity of 20,000 fps  The flow is assumed to be in
Altitude, equilibrium at the stagnation point with the following proper-
ft . R Pe, PSE ue fps Tw, R ties:
100 000 1989 630 2 20,600 3600 u =10 p = 91 322 psf
150,000 2065 72 82 20 600 2160 _ o _
200,000 2016 11 46 20,590 1620 T = 980°R cs = 09993376

Table 3 Peak temperature and atom mass fiaction for
equilibrium

Altitude, ft (Tmax/Te) q (éAm x) aq
100 000 271 0 1094
150 000 2 34 0 1032
200 000 2 22 0 1051

With these more complete thermodynamic properties, the
same problem has been solved, and the influence on the
maximum atom mass fraction is shown in Fig 6

3 Cone with specified wall temperature and catalytic
wall

The boundary-layer flow along a 10° cone (half-angle) with
zero pressure gradient at three altitudes has been computed
The same gas model is employed as discussed earlier in Sec
A, and the Prandtl number is 0 7 whereas the Lewis-Somenov
number is 1 4 The freestream velocity is taken as 21,000 fps
for the three cases considered Since the inviscid flow tempera-
tures are relatively low, the flow at the surface of the cone or
the edge of the boundary layer is determined from cone solu-
tions for a perfect gas The boundary conditions at the
outer edge of the boundary layer and at the wall for the three
cases are shown in Table 2 The oxygen at the edge of the
boundary layer and at the wall is considered undissociated be-
cause of the low temperatures at these locations

The temperature and atom mass fraction profiles along the
cone are presented in Figs 7 and 8 The velocity profiles
remain the same along the cone and are the Blasius result
At 60 ft from the cone tip, the flow has not reached equi-
librium  The local equilibrium profiles are shown in these
figures and are the same at any distance along the body
The maximum temperature and atom mass fraction in the
boundary layer are given in Figs 9 and 10 for the three
cases The maximum temperature and atom mass fraction as
obtained from local equilibrium solutions are given in Table 3
The flow at 200,000 ft is nearly frozen, whereas at 100,000 ft
the flow has not reached equilibrium at the distances in-
vestigated

The heat transfer by conduction is decreasing along the
cone for the nonequilibrium boundary layer as can be seen
from Fig 7 The heat transfer by diffusion is increasing along
the body which gives a total heat transfer approximately the
same for the nonequilibrium and equilibrium boundary layer
with a catalytic wall The skin friction is not influenced by
the nonequilibrium flow for this case with = 1

4 Hemisphere-cylinder

The nonequilibrium boundary layer has been computed
on a hemisphere-cylinder with a 1-ft nose radius The

At this condition the boundary layer is sufficiently thin that
the usual interaction with the inviscid flow can be neglected
However, the relaxation layer behind the shock wave is be
coming large enough that the flow at the edge of the boundary
layer could be slightly out of equilibrium

The wall is catalytic with a temperature of 395 2°R; hence,
the mass fraction of atoms at the wall is taken at zero To de-
termine the flow at the edge of the boundary layer, the pressure
distribution on the body is assumed as shown in Fig 11 The
equilibrium pressure distribution shown is a numerical result
obtained for the inviscid flow field The flow at the edge of
the boundary layer was obtained as discussed in Sec II-C
with the assumed pressure In starting the solution at the
stagnation point, Eqs (17a) and (17b) were employed with
Po = 015719 psf In this example, the density viscosity
product at the reference condition is evaluated at the body
and is (pu) = (pp)s (0 /2 )

LOCAL EQUILIBRIUM FLOW

NONEQUILIBRIUM FLOW

T/Te

Fig 7 Temperature profiles for a 10 cone at 100,000 ft alt
and ¥V, = 21,000 fps

LOCAL EQUILIBRIUM FLOW
NONEQUILIBRIUM FLOW

Fig 8 Atom mass fraction profiles for a 10° cone at 100,000
ft alt and ¥V, = 21,000 fps
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Fig 9 Maximum temperature in boundary layer on a 10°
cone (V, = 21,000 {fps)
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Fig 10 Maximum mass fraction of atoms in boundary
layer on 10 cone (V, = 21,000 fps)
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Fig 11 Pressure distribution at the edge of the boundary
layer

The computed velocity and temperature at the edge of the
boundary layer is given in Fig 12 The flow is frozen since
there is no change in the atom mass fraction in the distance
investigated For this case, the velocity and temperature on
the cylinder at the outer edge of the boundary layer are ap-
preciably smaller than that obtained when the flow is as
sumed in Jocal equilibrium
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Fig 12 Velocity and temperature at edge of boundary
layer for a hemispheie cylinder
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The boundary layer has been computed from the stagnation
point to 4 ft downstream  The extreme variation of the
velocity profiles are presented in Fig 13 whereas the tem-
perature profiles are given in Fig 14 The atom mass fraction
profiles remain nearly the same for the distance computed The
heat transfer and skin friction resulting from these profiles are
presented in Fig 15 The variation of these parameters is
similar to local equilibrium results except for the dip beyond
the shoulder for the present case

IV Discussion

The complete partial differential equations of the laminar
boundary layer for a chemical nonequilibrium binary gas have
been solved with an implicit finite-difference scheme As the
equations are solved in a transformed plane where the
boundary layer is of nearly uniform thickness, the solution
can be started at the stagnation point or leading edge The
required initial profiles for starting the solution are similar
solutions, which can be readily obtained if not already avail-
able As the profiles do not change rapidly in the transformed
plane, the solutions are obtained in a reasonable amount of
computer time With the implicit procedure employed, there
have been no problems of stability or convergence of the
solution

With the finite-difference scheme, various boundary condi-
tions have been employed for the nonequilibrium boundary-
layer solutions, and results have been obtained on bodies with
and without pressure gradients Approximate solutions for
a noncatalytic and insulated wall by Chung and Anderson,
and Rae are in agreement with the present, more exact results
For flows with zero pressure gradient and a catalytic wall, the
nonequilibrium effects are unimportant on the heat transfer
and skin friction However, the displacement thickness can
be greatly changed when there is appreciable dissociation of
the gas  The results for a cone at 21,000 fps show that the
binary flow is nearly frozen at 200,000 ft alt whereas equi
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librium has not been obtained at 60 {t from the tip at 100,000
ft  The bhoundary-layer flow on the hemisphere cone at
225,000 ft alt and 20,000 fps is frozen The examples show
the importance of considering nonequilibrium flow as the
composition and temperature in the boundary layer can be
greatly different from local equilibrium or frozen solutions

Nonequilibrium similar solution for a flai plate are reason-
ably close to the nonsimilar solution However, the time and
effort required presently to obtain the similar solutions
limits the usefulness, since the nonsimilar results are more
accurate and require less time

Extension of the present procedure to a multicomponent
fluid is being developed, and in this new program more com
plete transport properties will be employed

Appendix: Numerical Solution of the Equations

There are many finite-difference schemes that can be em-
ployed to solve the boundary-layer equations In this study
an implieit procedure is used that is similar to the method de-
veloped in Ref 11 but has been modified so that solutions
downstream of stagnation point initial profiles can be ob-
tained The implicit procedures do not have the stability
difficulties encountered with explicit schemes, and the trunca-
tion error can be of higher order than that of the expliet, or
Duford-Frankel methods

The flow field is divided into a grid or mesh of size An and
Afwithz = m Afandy = n Ay It is assumed that u, 6,
and c4 are known at the grid points in the mth column and
unknown in the (m -+ 1)th column In the implicit scheme
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Fig 15 Local skin friction and heat transfer for a hemi-
sphere cylinder

CHEMICAL NONEQUILIBRIUM BOUNDARY LAYER 239

the various types of derivatives must be replaced by linear
difference quotients, and the partial differential equations are
evaluated at (m + &, n) Let functions H (&%) and T(&7)
represent the unknown quantities u, 8, or ¢4 in the boundary
layer, so that the difference quotients at the point (m + &, n)
are written as

QH/Ot = (Hy y1n— Hu n)/AE (Ala)
OH/dn = Hy+ (Hmyynsr— Hopp1n_1)/(4An)  (Alb)
OH/on® = §H,, +
Hut1nt1=2Hp 410+ Hug1n-1)/249%) (Ale)
QH/OM: =Hy(Hn+1n+1— Hnt1.-1)/(247) (Ald)
(QH/om)QT/0n) = [Hy(Tm 41143 — Tsrn-1) +

ToHuns1ns1— Hui1a-11/(44n) (Ale)
where

Hn =Hpne1—Hpono 1)/(2A77)
H,,,, =(Hnai1— 2Hpm o+ Hon_1)/An?
Product terms are written as
H*=H, M., (A2a)
HT = §(HunTos1n+ Hus12Tm0) (A2b)

In all of the foregoing approximations (Al and A2), terms of
the order A£? and An? have been neglected To avoid non-
linear difference equations, terms of the following form are
approximated as

Hmn)/A£+ ]szn(Hmﬁ—ln—Hmn)/As (AS)

where terms of the order A£ have been neglected

When the difference quotients and terms (A1-A3) are sub-
stituted in the boundary-layer equations (6), the resulting
linear difference equations are written as

Anwn+1+anﬂ+(vnwn—l = Dn (A4)

’

fm+1
w = 0m+1n

CAm+1n

The matrices A,, By, Cn, and D, are evaluated at m and
the expressions for them are given in Ref 14 Since the
simultaneous linear algebraic equations resulting from all of
the difference equations (A4) across the boundary layer are
of a special form, an efficient algorithm is available (see Ref
15) and is applied to these equations in Ref 14 Thus, the
values of w, are readily computed across the boundary layer

With f'. » and f'» 1.1 » known, the transformed velocity V is
determined from the continuity equation (6a) This equation
1s evaluated at the point (n — ) and (m + 1), and the deriva-
tives are written as

af’/ag = (f,m+1 n +flm+1 n—1 _flm n _f/m n— l)/Ag (A5a)
oV/on = (Vaivuza— Vasiza—1)/An (A5b)
and the quantity f' 4 12, - 172 becomes
flm+1/2 n—1/2 = %(f’mq_l n+f’m+1n—1 +f’m n +f’m n—= 1)
(Abc)
In the foregoing approximations, quantities of the order of
the step size squared are neglected When these relations

are substituted into the continuity equation (6a) the un-
known transformed velocity becomes

A
Vos12n=Vaiyoa—1— <% + Tn)(f'mjun + w1t

where

3 A\, ., ,
(3—4—><fmn+fm_l> (46)
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If iteration is to be performed, the A, B, C, and D matrices
are revaluated with the better values of the quantities at
(m 4- 1, n) now available Then new valuesof w,and Vi 1124
can be obtained Iteration may be performed at every step
or not at all; in either case the foregoing procedure is applied
at succeeding steps downstream until the boundary-layer
flow along the body is determined
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Nondimensional Solutions of Flows with Vibrational Relaxation

Raveu PHINNEY*
Martin Maiietta Corporation, Balttmore, Md

Vibrational relaxation time data for diatomic gases are 1educed to a single curve by a suit-

able nondimensionalization

Using this, together with a previously developed criterion for

vibrational freezing, nozzle flow and a simplified blunt-body problem are solved in nondimen-
sional form The effects of freezing on wind tunnel test section and model afterbody condi-

tions are also presented

Nomenclature
A = area
D = nose diameter
E = vibrational energy
J = see Eq (7)
M = Mach no
p = pressure in atmospheres
R = gas constant
r« = throat radius
T = temperature nondimensionalized with ¢
t = time
u = velocity
9 = vibrational characteristic temperature
p = density
' = relaxation time at atmospheric pressure
+ = relaxation time, +'/p
¢ = asymptotic cone half-angle of nozzle
¢ = (2z/D), angle between body tangent and the normal to the
freestream velocity
Subscripts
0 = stagnation
* = sonic
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o = agymptotic, fully expanded flow
e = equilibrium flow

f = frozen flow

F = {reeze point value

Introduction

N the flow of high-temperature gases, it is commonplace
that the relaxation rates associated with various excited
states and chemical reactions are not fast enough to permit
the gas to remain in equilibrium A number of exact calcu-
lations of such flows, combining the flow equations and those
for the relaxation, have been made (for example, Refs 1 and
2) These are long and tedious, and, in any case, their ac-
curacy is limited by the usually rather unprecise knowledge
of the rate constants  Further, it is difficult to draw general
conclusions or make parametric studies in this manner
In the expansion process of a nozzle or the flow around a
blunt body, the flow of a relaxing gas proceeds from a high-
temperature region where the gas is in equilibrium through
a transition zone where it departs abruptly from equilibrium
This occurs when the temperature and density fall so rapidly
that the reaction rate quickly becomes so slow as not to per-
mit continuation of an equilibrium state After the transi



